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Motivating example

Example: from Robins and Hernan (2009)

» Study of the effect of highly antiretroviral therapy (HAART)
on a global health score at the end of followed-up in 32000
HIV infected subjects (trx naive) followed for one year.

— Ao: HAART at start of follow-up (1:yes, 0:no)
— A1: HAART at month 6 (1:yes, 0:no)

— La:Indicator that Cd4 count > 200 cells/ml at month 6 just
before making decision about HAART assignment (1:yes, 0:no).

- Y global health score (continuous)

* Assume for now, that HAART was randomized at baseline
but not at time month 6.

* We will later drop the assumption of randomization at
baseline, and assume that the study was observational.
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Data analyst table

Example taken from Robins and Hernan (2009) See reference list for
exact reference

HAART cD4 HAART Mean global score
Time 0 Time 1 Time 1 Time 2
row n Ao L1 A

1 E(Y]Ao,L1,A1)

1 2000 0 1 0 200
2 6000 0 1 1 220 Time 0 = start of follow-up
3 6000 0 0 0 50 Time 1 =month 6
Time 2 = month 12
4 2000 0 0 1 70
5 3000 1 1 0 130
6 9000 1 1 1 110
7 3000 1 0 0 230
8 1 0 1 =D
Example: there werpatients who received HAART during first and second

semester and had CD4 count below 200 cells/ml . The mean of the global health
score at month 12 of these 1000 subjects wa 5
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Static vs dynamic treatment regimes

 Static regime: everybody receives Ao=ao and Ai1=a1
regardless of the patient characteristics,

— e.g. everybody receives HAART the second semester but not the
first

* Dynamic regime: subject receives HAART depending on the
values of recorded covariates
— E.g. nobody receives HAART the first semester and only those

whose CD4 count are below 200 receive HAART the second
semester.

* Today we will study the analysis of the effects of static
regimes.

Counterfactual means for static regimes

* E(Yao=0,a1=0) mean global score in hypothetical world in
which nobody takes HAART for the entire year.

* E(Yao=1,a1=1) mean global score in hypothetical world in
which everybody takes HAART for the entire year.

* E(Yao=1,a1=0) mean global score in hypothetical world in
which everybody takes HAART the first semester and
nobody takes HAART the second semester.

* E(Yao=0,a1=1) mean global score in hypothetical world in
which nobody takes HAART the first semester and
everybody takes HAART the second semester.




Ao randomized E(Ya0.1) identified

m TSy

AO Ll Y
HAART time 0 P4 e haart month 6 Outcome
mon Month 12

WUnmeasured baseline
Immnune system

Ao randomized E(Yz0.1) not identified

A m
0
HAART time 0 CP% o haa\t month 6 Outcome
e Month 12
WUnmeasured baseline
Immnune system

Identification

* Inthe preceding graphs E(Yzo.1) is identified in the graph
without the blue arrow but it is not identified in the
graph with the blue arrow.

* |dentification of a counterfactual expectation E(Yzo.1) (a
quantity that depends on the oracle’s data distribution)
means that you can hope to estimate it with the data in
the data analyst table!

— However, it does not mean that you can compute the
counterfactual quantity naively with crude means among
those that received Ao=ao and A1=a1.

— Depending on the graph structure, you may need more
sophisticated calculations, like standardization or the two-
stage IPW procedures that we saw in earlier lectures.
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Data analyst table

HAA cD4 HAAR Mean global Sum of global
RT Time 1 T score Scoreat time 2
. Time 3
Time 1 Time 2
0
r n Ao L

o

1 2000 O
2 6000 O
3 6000 O
4 2000 O
5 3000 1
6 9000 1
7 3000 1
8 1000 1

A1 E[Y|AoLL,A1]  n*E[Y|Ao,L1,A1]

1 0 200 400,000
1 1 220 1,320,000
0 0 50 300,000
0 1 70 140,000
1 0 130 390,000
1 1 110 990,000
0 0 230 690,000
0 1 250 250,000

13

Data analyst table

HAA cD4 HAAR Mean global Sum of global
RT Time 1 n;e score Scoreat time 2 C r u d e m e a n S
Time 1 Time 2
0
r o Ao u AL E[Y|AoLLAL]  n*E[Y|AoL1,A1] E(Y|A0=0,A1=0) =
o

12009 0
2 000> O
3 (600Dy O
4@0
5@ 1
G@Dl
7 Good 1
8 @000) 1

(400,000 + 300,000)/(2000+6000)

=87.5
1 0 200

11 20 E(Y]A0=0,A1=1) =

o o 50 (1,320,000 + 140,000)/(6000+2000)
T 70 =182.5
1 0 130 ( 390,@?9)

(390,000 + 690,000)/(3000+3000)
0o o 230 690,000 =180

(990,000 + 250,000)/(9000+1000)
=124

1 1 110

0 1 250

i
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Ao L1

Haart month 6
Haart month 0
CD4 month 6

Unmeasured
Immune status

Graph (i)

In graph (i)
E(Yao,a1) # E(Y | Ao=ao0,A1=a1)

Because of open back-door
paths A1- Li— W -Y and
Ai1-L1—-Y.Then

E(Yao=0,a:1=0 ) # 87.5, etc

15

L

—> —> —
AO H AO 1 A Y
aart month 6 Haart month 6
Haart month 0 Haart month 0 outcome
CD4 montR 6 CD4 montk 6
Unmeasured Unmeasured
Immune status Immune status
Graph (i) Graph (ii)
In graph (i)
In graph (ii)

E(Yao,a1) # E(Y | Ao=a0,A1=a1)

Because of open back-door
paths A1- Li— W -Y and
Ai1-L1—-Y.Then

E(Yao=0,a:1=0 ) # 87.5, etc

E(Yao,a:) = E(Y | Ao=a0,A1=a1)

Crude mean = counterfactual mean
because the open back door path
from A1to Y goes only through Ao

16
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Exogenous treatments

17

@
AO L HaaArt:ll"nonth 6 Y
Haart month 0 outcome
CD4 month 6

W Unmeasured
Immune status

This is a graph of a sequentially randomized trial conducted as follows:

At Baseline:

* subjects are randomized to A0 =1 with prob P(Ao=1), say 2/3, and to Ao=0

with prob. 1-P(Ao=1), say 1/3

At month 6:
* those that were assigned to Ao=1 are randomized to A1=1 with

probability P(A1=1]|Ao=1), say %, and to A1=0 with prob. 1- P(A1=1|Ao0=1),

say /2
* those that were assigned to Ao=0 are randomized to A1=1 with

probability P(A1=1]| A0o=0), say 1/4, and to A1=0 with prob. 1- P(A1=1|Ao0=1),

say %

18
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Haart month 0

@
AO L HaaArtg'nonth 6 olXome
CD4 month 6

W

Unmeasured
Immune status

In the trial depicted in this graph (and described in the preceding
slide), at each randomization stage (either at baseline or at month
6) subjects randomized to one of the two arms are exchangeable
with subjects randomized to the other arm.

Then, the crude means are equal to the counterfactual means:

E(Yaoa1)= E(Y|Ao=ao0, A1=a1)

19

Ao

Haart month 0

< T,

- Ll Al 2

Haart month 6
CD4 montzx

W

outcome

Unmeasured
Immune status

A set of treatments (Ao, A1,...,Ak) is exogenous when each Aj
receives arrows from all, some or none of the preceding Ao,...,Aj-
1, but does not receive arrows from any other variable in the

DAG.

Result: When a set of treatments (Ao, A1,...,Ak) is exogenous the
crude means are equal to the counterfactual means, i.e.

E(Yao,...,ak)= E(Y| Ao=a0, A1=a1, ..., Ak=ak)

20
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Problems with analysis that
stratify or standardize on L1

21

Stratified and standardized analysis on L1 yields biased results

e, T
D

I-ég Ll H;érg'month 6 o%ome
month 0 4 monm
W

C

Unmeasured
Immune status

Stratification on Liinduces selection bias: it opens the red path
between Ao and Y.
Thus, the stratified the crude mean differences stratified on L1:
E(Y|Ao=ao,A1=a1, L1=l1) - E(Y]|Ao=a’0,A1=a"1, L1=l1)
are not equal to the stratified causal mean differences
E(Yao,a: |Li=l1) - E(Ya%,a’1 | L1=l1)
As a consequence, the standardized mean differences
2 [E(Y|Ao=ao,Al=a1, L1=11) - E(Y|Ao=a’0,A1=a’"1, L1=11)]P(L1=l1)
is not equal to the crude mean difference
E(Yao,a: |L1=l1) - E(Ya%,a’1 | L1=l1)

22
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Stratified and standardized analysis on L1 yields biased results

e T
F{Q}Q Ll H;érf’l'month 6 oxXome
month 0 CD4 monm
W

Unmeasured
Immune status

Stratification on L1 induces selection bias even if the treatments are
exogenous!!!: stratification opens the red path between Ao and Y even
if A1 only receives no arrow from L1 and W.
Thus, the stratified the crude mean differences stratified on L1:
E(Y|Ao=ao,A1=a1, L1=l1) - E(Y]|Ao=a’0,A1=a"1, L1=l1)
are not equal to the stratified causal mean differences
E(Yao,a: |Li=l1) - E(Ya%,a’1 | L1=l1)
As a consequence, the standardized mean differences
2. [E(Y|Ao=ao,Al=a1, L1=11) - E(Y|Ao=a’0,A1=a"1, L1=11)]P(L1=l1)
is not equal to the crude mean difference
E(Yao,a: |L1=l1) - E(Ya%,a’1 | L1=l1) 23
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Inverse Probability Weighted
(IPW) estimation

25

=
HAp Ll\ a moMYcome
month 0 CD4 month

W Unmeasured
Graph in study Immune status

AO@M Y
Haart \h\:aart mM come
montho  CD4 mont

Unmeasured

h in pseudo study |W Immune status

IPW estimation.

(a) Stage 1: Create (by IPW) a pseudo study in which E(Yao,a1)
remains the same as in the original study, but the prob. of
receiving A1 does not depend on anything because everyone
receives trx_A1=0 and everyone also receives trx A1=1.

To create this pseudo study:

. weight those that in the real study received A1=0 by w = P(A1=0|Ao,L1)"(-1) so
that they represent those that did not receive A1=0

*  weight those that in the real study received A1=1 by w = P(A1=1|Ao,L1)*(-1) so
that they represent those that did not receive A1=1

(a) Stage 2: Analyze your data as if the treatments (Ao,A1) were
exogenous, i.e. as if the graph was like the one on the right. =
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HAA | Mean global
Gar score
fime atTime 2

(P(A1-1|A0=0,L1=1) =6000/8000 = 3/4

P(A1=0|A0=0,L1=1) =1 - % =1/4

AEEE R e (A1-1|A0=0,L1=0) =2000/8000 = 1 /4 )

o

1 0 1 o0 200 4 8000 P(A1=0|A0=0,L1=0) =1- % = 3/4

B EIRE 220 S| (P(A1=1]A0=1,L1=1) =9000/12m
3 760000 0 O 50 4/3 8000

4 % 0 0 1 70 4 8000 P(A1=0|A0=1,L1=1)=1-3/4 =1/4

5 m 11 o0 130 4 12000

6lape)'1 1 1 w0 43 12000 @Awo,uﬂ) =1000/4000 = 1/4
7 1 0 o0 230 4/3 4000

8 N 250 4 2000 P(A1=0|A0=0,L1=1)=1- 3/4 =3/ 4

S

u 32000 64000

3

27

Mean global
score
at Time 2

ro n Ao L1 A1 E[Y|Ao,L1,A1] w n-pseudo
w

1 200 0 1 0 200 4
2 6000 0 1 1 220 4/3
3 6000 0O 0 O 50 4/3
4 2000 0 0 1 70 4
5 300 1 1 0 130 4 m
6 900 1 1 1 110 43 (22000
7 300 1 0 0 230 4/3
8 1000 1 0 1 250 4

Prob. of A1 in pseudo study

(P*(A1=1| A0o=0,L1=1) =8000/(8000 +80@( P*(A1=1| Ao=0,L1=0) =8000/(8000 +8@
( P*(A1=1]|Ao=1,L1=1) =12000/(12000+1@ *(A1=1]| Ao=1,L1=0) =4000/(4000 +4@

28
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1 2000
6000
6000
2000
3000
9000
3000

0 N o v b~ W N

1000

0 1
0 1
0 0
0 0
1 1
1 1
1 0
1 0

Mean global

HAART Ccba HAART
Time1l | Timel | Timel score
row n Ao L1 A1l

E[Y|Ao,L1,A1]

atTime 2

0 200
1 220
0 50

1 70

0 130
1 110
0 230
1 250

w

4
4/3
4/3
4
4
4/3
4/3
4

n-pseudo

8000

8000

GooD)

96999630

Sum of global score in pseudo
study

n-pseudo*E[Y|Ao,L1,A1]

p

1,600,000

1,760,000

1,560,000

Crude means in pseudo-study E*(Y|Ao,A1) = E(Yao,a1)

E*(Y[A0=0,A1=0) = (1,600,000 + 400,000] / (8000+ 8000) = 125)

€*(Y|A0=0,A1=1) = (1,760,000 + 560,000) / (8000+ 8000) = 145 )

*(Y|Ao=1,A1=0) = (1,560,000 + 920,000 +4000) = 155

(E(VAo=1,A1=1) = (1,320,000 + 1,000,000) / (12000+ 4000) =145)

HAART CcD4a HAART Mean global
Time1l | Timel | Timel score
atTime 2
row n Ao L1 A1l

1 (2000) o 1
2 (600 O 1
3 (600D © 0
4 (2009 0 0
5 G000 1 1
6 Coomd 1 1
7 G0y 1 0
g (1000 1 0

o B O » O

=

0
1

E[Y|Ao,L1,A1]

200
220
50
70
130
110
230
250

Sum of global
Score at time 2

n*E[Y|Ao,L1,A1]

4/3
4/3
4

Crude means in actual study E(Y|Ao,A1)

CE(Y]A0=0,A1=0) = (400,000 + 300,000) / (2000+ 6000) = 87.5 )

(E(Y]Ao=0,A1=1) = (1,320,000 + 140,000) / (6000+ 2000) = 182.

n-pseudo

8000
8000
8000
8000
12000
12000
4000
4000

E(Y|Ao=1,A1=0) = (390,000 + 690,000) / (3 0) = 180

(E(YTA0=1,A1=1) = (990,000 + 250,000) / (9000+ 1000) = 124 )

Sum of global score in pseudo
study

n*E[Y|Ao,L1,A1]*w

1,600,000
1,760,000
400,000
560,000
1,560,000
1,320,000
920,000

1,000,000

30
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Summary of results

HAART HAART Crude Mean in Crude Mean in
Time 0 Time 1 Actual Pseudo
study study
Ao A1

E[Y]Ao,A1] E*[Y]Ao,A1]
0 0 87.5 125
0 1 182.5 145
1 0 180 155
1 1 124 145

Additive causal effect of always vs never take HAART during the 12 months
E(Yao=1,al=1) - E(Yao=0,al=0)
IPW estimate: 145 — 125 =20 Crude estimate (biased) : 124 — 87.5 = 36.5

Direct effect of HAART the first semester in hypothetical world in which we force HAART
the second semester

E(Yao=1,al=1) - E(Yao=0,al=1)
IPW estimate: 145-145=0 Crude estimate (biased) : 124 — 182.5 = -58.5

Effect of early vs late one semester of HAART
E(Yao=1,al=0) - E(Yao=0,al=1)
IPW estimate: 155 — 145 = 10 Crude estimate (biased) : 180 — 182.5 =-2.5 31

A1l E[Y|Ao,L1,A1]

. o T Recall, the IPW estimator of

Time 1 Time 2

0 E(Yar=1,a:=1) - E(Ya=0,2:-1) Was equal to 0.
r n Ao L1

w

Stratified crude mean differences

1 2000 0 1 0 200

2000000 ot 20 E(Y|Ac=1,A1=1, L1=1) - E(Y|A0=0,A1=1, L1=1)
3 6000 0 0 0 50 110-220 = -110

4 2000 0 0 1 70

5 30 1 1 0 130 E(Y|Ao=1,A1=1, L1=0) - E(Y]| A0=0,A1=1, L1=0)

6 9000 1 1 1 110 250-70=180

7 3000 1 0 0 230

Standardization adjusting for L1
P(L1=1) = (2000+6000+3000+9000) / 320000 = 5/8

8 1000 1 0 1 250

Standardized mean difference:
-110*(5/8) + 180 *(3/8) =-1.25

Standardization adjusting for L1 yields a negative value (-1.25) but the true causal
effect estimated by IPW is equal to 0.

06-Jun-12
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Rationale of the IPW procedure:
summary

We can pretend that the pseudo study is formed by two copies (“clones”)
of each person, one clone receives A1=0 and the other receives Ai=1. So,

— we can pretend that to assign A1 we have flipped one same coin for everyone.
Since we have also flipped one same coin for everyone to assign Ao

— acoin that might be different from the imaginary coin for assigning A1, because,
for example, we may have assigned Ao with probability different from J%.

Then, in the pseudo study, the subjects assigned to each of the four
treatment arms

(A0=0,A1=0), (A0=0,A1=1), (Ao=1,A1=0), (Ao=1,A1=1)
are exchangeable, so we can estimate the counterfactual means E(Yao0,a1)
with the crude means E(Y|Ao=ao,A1=a1)

Stabilized IPW estimation

06-Jun-12

17



Non —stabilized vs stabilized IPW

* The IPW procedure we have just seen creates a pseudo-study in
which

1. hassize equal to the double of the actual study size

2. P*(A1=1|Li=h, Ao=ao0)=%

3. The crude mean in the pseudo-study E*(Y|Ao=ao,A1=a1) is the
counterfactual mean E(Yao0,a1)

*  We will now see a way a “trick” to modify the IPW computation
(referred to as “stabilized” IPW) that creates a new pseudo-study in
which

1. hassize equal to the actual study size
2. P*(A1=1]|Li=l1, Ao=ao) is equal to P(A1=1| Ao=ao) in the actual study
3. Because in the new pseudo study, A1 only depends on Ao, the
treatments (Ao,A1) remain exogenous as with the previous IPW
procedure. Thus,
* Inthe new pseudo-study, the crude means are equal to the counterfactual means
4. The crude mean E*(Y|Ao=a0,A1=a1) in the new pseudo-study is EXACTLY
THE SAME NUMBER as the crude mean in the IPW pseudo-study

35

@ @,
HAp Ll art month oycome AO Ll Hﬁ}t month 0¥come
2 CD4 month Haart \h\é\
month 0 CD4 mont

month 0

,—\ W Unmeasured W Unmeasured
Graph in study Immune status i el s

Immune status

Stabilized IPW estimation.

(a) Stage 1: Create (by IPW) a pseudo study in which E(Yao,a1) remains the same
as in the original study, but the prob. of receiving A1 depends ONLY on the
treatment Ao actually received and is equal to the P(A1|Ao) in the original

study. To create this pseudo study:
. weight those that in the real study received A1=0 by

ws = P(A1=0| Ao) / P(A1=0| Ao,L1) = P(A1=0|A0) w
. weight those that in the real study received A1=1 by

ws = P(A1=1]|Ao) / P(A1=1]Ao,L1) = P(A1=1|A0) w

b) Stage 2: Analyze your data as if the treatments (Ao,A1) were
exogenous, i.e. as if the graph was like the one on the right.

36
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Stabilized vs non-stabilized IPW means

Unstabilized weights

1/ P(A1]Ao,L1)
Stabilized weights

P(A1|Ao) / P(A1|Ao,L1)
It is a mathematical fact if you compute the crude means in the
two pseudo studies (the one obtained by stabilized IPW and the
one obtained by non-stabilized IPW) you obtain exactly the
same numbers. So why even bother computing the stabilized
weights?

| can’t give you the answer yet, because stabilized weights don’t
make a difference for estimating crude means but do make a
difference (yield less variables estimators) for estimating the
parameters of Marginal Structural Models.

So | will postpone giving you the answer until we discuss
Marginal Structural Models v

Friday afternoon

Time dependent treatments.
Dynamic vs static regimes

Analysis of randomized followed up studies
— Why are conventional associational methods incorrect?

— When is the associational analysis valid? Exogenous
treatments

— IPW methodology

Analysis of longitudinal observational studies

— Why are conventional associational methods incorrect?
— IPW methodology

— Marginal structural mean models for time dependent
treatments

06-Jun-12

19



Estimation of time dependent
treatment effects from longitudinal
observational studies

Ao and A1 observed, not randomized

Example: adapted from Robins and Hernan
(2009)

* Suppose that we have an observational longitudinal study
of the effect of highly antiretroviral therapy (HAART) on a
global health score at the end of followed-up we now have
data on 96000 subjects that have been recently found to be
infected with HIV and who are followed for one year.

* We measure the following variables

— Ao: HAART at start of follow-up (1:yes, 0:no) (visit at which HIV is
diagnosed)
A1: HAART at month 6 (1:yes, 0:no)

Lo: Indicator that Cd4 count > 200 cells/ml at baseline just
before making decision about HAART assignment (1:yes, 0:no).

L1: Indicator that Cd4 count > 200 cells/ml at month 6 just
before making decision about HAART assignment (1:yes, 0:no).

- Y global health score (continuous)

40
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Ao randomized vs Ao observed: E(Ya.1) identified

é_ﬁ\m

AO |_1 Al

- Measure Trx time 1 otXcome
Trx time O .
Intermediate
covariate
randomized W ommon o
0 randomize: Common cause

Ao randomized vs Ao observed: E(Ya.1) identified

e T,

AO ’ Al 2

1 Kol Y
- M rx time
Trx time 0 casure’ outcome
Intermediate
covariate
randomized W oo
0 randomize: Common cause

outcome

Unmeasured
WO Unmeasured —> Wl

. Common cause time 1
Ao observed Common cause time 0
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Ao randomized vs Ao observed: E(Ya..1) NOT identified

ﬁ_ﬁ\m

AO Al 2

Trx gime 1
Trx time O Measur outcome
Intermediate

covariate

ommon o
0 randomize Common cause

Ao randomized vs Ao observed: E(Ya.1) NOT identified

ﬁ<\m

AO ’ Al ’

. Trx gime 1
Trx time O Measur outcome
Intermediate

covariate

ommon o
0 randomize Common cause

- >
— Ao

Measured
baseli Trytime O o ; outcome
covariate /_ T
Unmeasured
WO Unmeasured —> Wl

Common cause time 1

Ao observed Common cause time 0
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Identification

* In the preceding graphs E(Yao.1) is NOT
identified if any of the blue arrows is present.

* If all the blue arrows are absent, then E(Yz0.1) is
identified.

Identification

* The big distinction that allows identification when
the blue arrows are absent but that prevents it
when they are present is that

— When all the blue arrows are absent, the measured
variables suffice to block
* All the back door paths from A1to Y
* All the back door paths from Aoto Y
— When any of the blue arrows is present, there is at
least one back door path from
e A1toY, and/or
* AotoY
— that cannot be blocked

06-Jun-12
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The graph below implies that

Ya0,a1 Jl_ A1 | Ll, AO, Lo (Ya0,a1 and A1 are conditionally
independent given L1, Ao, Lo)

Ya0,a1 Jl_ Ao | Lo (Yao0,a1 and Ao are conditionally
independent given Lo)
These two conditions together are often referred to as

NO UNMEASURED CONFOUNDING

L p, b P
M d .
base“nre Trx time O outcome

covariate

Unmeasured
Common cause time 1

WO Unmeasured —> Wl

Common cause time 0

The graph below implies that

Yao,a1a2 || Az | L2, A1, L1, Ao, Lo
YaO,al,aZ JLAI | |_1, AO, Lo
YaO,al,aZ JJ_AO | Lo

These three conditions together are often referred to as

NO UNMEASURED CONFOUNDING

Measured Trx time Measured
rmediabe Intermediate

nte !
> meEsTRT—————> W 2 Unmeasured
W easured Wl v sure Common cause time 2
Common cause ti Com me 1 48
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No unmeasured confounding does not hold if any of the
blue arrows is present in the true causal diagram.

If any of the blue arrows are present then the counterfactual

means E(Ya0q1:2) are not identified

If all the blue arrows are absent then the counterfactual
means E(Yaq1:2) are identified

s ’/’

u d
W easured —> Wiuvmessorea > W2 Unmeasure

Common cause time 2

Common causeti Com me 1

Friday afternoon

Time dependent treatments.
* Dynamic vs static regimes

Analysis of randomized followed up studies
— Why are conventional associational methods incorrect?

— When is the associational analysis valid? Exogenous
treatments

— IPW methodology

Analysis of longitudinal observational studies
— Why are conventional associational methods incorrect?
— IPW methodology

— Marginal structural mean models for time dependent
treatments
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IPW estimation of the effects of two
time dependent treatments from
longitudinal observational studies

51

IPW for longitudinal observational studies

* Let’s return to the case of two trxs Ao and A1, neither of
which has been randomized.

* We will now see that if Ao was not randomized, then under
the no-unmeasured confounding assumption, we can
estimate the counterfactual means by IPW weighting using

— non-stabilized weights
w=1/[P(A1]|L1,A0,L0) * P(A0|L0) ]
— or stabilized weights
w = [P(A1]|A0) * P(A0) ] /[ P(A1]L1,A0,L0) * P(A0|LO) ]

52
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Non-stabilized IPW estimation

53

Lo —> N> ngm—) Y mY
\ )Q\ /)utcome \ )Q\ /)utcome

W W1 W W1

Graph of actual study Graph of pseudo study after first IPW weighting

If we weight each person by
1/P(A1|L1,A0,L0)
that is:
* those that received A1=1 are weighted by 1/P(A1=1|L1,A0,L0)
* those that received A1=0 are weighted by 1/P(A1=0| L1,A0,L0)

we create a pseudo-study in which E(Yao,a1) remains the same as in the
original study and, such that the probability of receiving A1=1 is the
same for everybody and equal to 1/2.

54
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Lo—=—>a—> L1 A Ao L1

e | =N

W W1 W W1

Graph of pseudo study after first IPW weighting Graph of pseudo study after second IPW weighting

If, in the pseudo-study we weight each person by
1 /P(Ao|Lo)
that is:
* those that received Ao=1 are weighted by 1 /P(A0=1|Lo0)
* those that received Ao=0 are weighted by 1 /P(A0=0]| Lo)

we create a new pseudo-study in which E(Yao0,a1) remains the same as
in the first pseudo study and, such that Ao is randomized with the same
(fair) coin flipped for everyone.

Analysis in the final pseudo study

* We can pretend that the final pseudo study is formed by
four copies (“clones”) of each person, and each clone
receives one of the four trx combinations

(Ao=1,A1=1), (Ao=1,A1=0), (Ao=0,A1=1), (Ao=0,A1=0)

* So, we can pretend that we have flipped the same coin for
everyone, and that there is unconditional exchangeability
for comparing the four trx combinations.

* Thenin the final pseudo study we can estimate the
counterfactual means E(Yao0,a1) with the crude means
E(Y|Ao=ao,A1=a1)
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IPW procedure for two time dependent trxs in a
longitudinal study

* Stage 1. Compute for each value of ao, a1, lo and |1 the
propensity scores

P(A:i=a1|L1=l1 ,Ao=a0, Lo=lo) and P(Ao=ao|Lo=lo)

* Stage 2. Create a pseudo study by weighting each
subject who got Ao=ao, A1=a1, Lo=lo and Li=l1 with

w = 1/ [ P(A1=a1|L1=I1,A0=a0, L0 =lo)* P(A0=ao|L0=l0) ]

* Stage 3. In the pseudo study, compute for each ao and a1,
the crude means E(Y|Ao=ao, A1=a1). These are your IPW
estimators of E(Yao,a1)

57

Row

1

2

3

10

11
12

13

14

15
16

HAART cp4 HAART Mean global score
Time0 | Timel =l Time 2
n Lo Ao L A1

E[Y|Ao,L1,A1,L0]

Computations of P(A1=1| Ao,Lo,L1)

R ! 0 200 and P(A1=0] Ao,Lo,L1)
6000 0 0 1 1 220
6000 0 0 0 0 50
2000 O 0 0 1 70 lo a0 11  Propensity A1=1 Propensity A1=0
S| 1 0 130 0 O O 2000/8000=1/4  6000/8000=3/4
el 1 1 110 0 0 1  6000/8000=3/4  2000/8000=1/4
L O s ) € g 2L 0 1 O  1000/4000=1/4  3000/4000=3/4
O g 1 20 0 1 1 9000/12000=3/4  3000/12000=1/4
Sy | 4@ 1 g 20 1 0 0O  3000/4000=3/4  1000/4000=1/4
Sy A @ e 1 =g 1 0 1 3000/12000=1/4  9000/12000=3/4
Ly (4] © € € g0 1 1 0O  4500/6000=3/4  1500/6000=1/4
000 1 0 0 1 100

1 1 1 10500/42000=1/4 31500/42000=3/4
31500 1 1 1 0 160
10500 1 1 1 1 120
150 1 1 0 0 280
4500 1 1 0 1 350
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10

11
12

HAART cD4 HAART Mean global score
Time0 | Timel 08 Time 2

2000

6000

6000

2000

9000

3000

1000
3000

E[Y|Ao,L1,A1,L0]
200
220

50
70
130
110
230
250
250
300

80
100

160
120

280
350

Computations of P(Ao=1|Lo)

and P(A0=0] Lo)

lo Propensity Ao=1

0 <T&00D /32000=1/2
1 CZ800D /64000=3/4

Propensity Ao=0

16000/32000=1/2

16000/64000=1/4
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Ro

10

11
12

13

14

15
16

2000

6000

6000

2000

3000

9000

3000

1000

9000

3000

1000
3000

31500

10500

1500

4500

Al E[Y|Ao,L1,A1,L0]
0 200
1 220
0 50
1 70
0 130
1 110
0 230
1 250
0 250
1 300
0 80
1 100
0 160
1 120
0 280
1 350

1/Product of n*w*E[Y|Ao,L1,A1,L0]
ppensities
2% 4 8*2000= 16,000*200=
16,000 3,200,000
2*4/3 16,000 3,520,000
2*4/3 16,000 800,000
2% 4 16,000 1,120,000
2% 4 24,000 3,120,000
2*4/3 24,000 2,640,000
2* 4/3 8,000 1,840,000
2% 4 8,000 2,000,000
4*4/3 48,000 12,000,000
4* 4 48,000 14,400,000
4* 4 16,000 1,280,000
4* 4/3 16,000 1,600,000
4/3* 4/3 56,000 8,960,000
4/3*4 56,000 6,720,000
4/3*4 8,000 2,240,000
4/3 *4/3 8,000 2,800,000

cD4 HAART HAART Mean score sumin pseudo study
time0 | TimeO Tlme 1 08 Time 2 Pseudo
study
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10

11
12

13

14

16

HAART | HAART n
Time 0 Timed Pseudo
study
n Ao A1 n*w

2000 0 0
6000 0 1
6000 0 0 (6,000
2000 0 1
3000 1 0
9000 1 1
3000 1 o (8000)
1000 1 1 AB000)
9000 0 0
3000 0 1
1000 0 0
3000 0 1
31500 1 0
10500 1 1
1500 1 0 C@
4500 1 1

305

UL

sumin pseudo study

n*w*E[Y|Ao,L1,A1,L0]

,000%200=
200,000

0,000

000
1,840,000
2,000,000

000,000
14,400,000

1,280,000

8,960,000
6,720,000

2,240,000
,800,000

Crude means in pseudo study

*(Y|Ao=0,A1=0) =

(16,000+16,000+48,000+16,000)
<180

(3,200,000 +800,000+12,000,000+1,280,000)/

/E*(Y|Ao=0,A1=1) =
(3,520,000 +1,120,000+14,400,000+1,
(16,000+16,000+48,000+16,000)
215

/E*(Y| A0=1,A1=0) =

(24,000+8,000+56,000+8,000)
168.33

(3,120,000 +1,840,000+8,960,000+2,240,000)/

,600,000)/

(E*(Y| A0=1,A1=1) =

(24,000+8,000+56,000+8,000)
=147.5

(2,640,000 +2,000,000+6,720,000+2,800,000) /
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Stabilized IPW estimation of the
effects of two time dependent
treatments from longitudinal

observational studies

62

06-Jun-12

31



Stabilized IPW procedure for two time
dependent trxs in a longitudinal study

Stage 1. Compute for each value of ao, a1, lo and l1 the propensity
scores

P(Ai=a1|L1=l1,A0=ao, Lo=lo) , P(A0=ao|L0=lo)
P(Ai=a1|Ao=ao) and P(A0=ao)

Stage 2. Create a pseudo study by weighting each subject who got
Ao=ao, A1=a1, Lo=lo and Li=l1 with

w = [P(Ai=a1|Ao=ao) * P(A0=ao) ]/ [ P(A1=a1|L1=l1,A0=a0, L0 =lo)* P(A0=ao|L0=lo) ]

Stage 3. In the pseudo study, compute for each ao and ai, the crude
means E(Y|Ao=ao, Ai1=a1). These are your IPW estimators of E(Ya0,a1)

63

Friday afternoon

Time dependent treatments.
Dynamic vs static regimes

Analysis of randomized followed up studies
— Why are conventional associational methods incorrect?

— When is the associational analysis valid? Exogenous
treatments

— IPW methodology

Analysis of longitudinal observational studies

— Why are conventional associational methods incorrect?
— IPW methodology

— Marginal structural mean models for time dependent
treatments
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Marginal Structural Mean
Models

65

Marginal structural mean model

* A Marginal Structural Mean Model is a formula

for the dependence of the counterfactual
means E(Yao,a1,..,ak) ON ao,ai, ..., ak

E(Yao,as,...,ak) = M(6o,..., 65, ac,as,..., ak)

* the function m( ) is a known function and the
parameters Bo ,..., Bpare unknown

66

06-Jun-12

33



Marginal Structural Mean Model

* Saturated model

E(Yaoa:) = B0+ B120+ 0221+ 63 a0 a1

N

0 0 Bo

0 1 Bo + 02

1 0 Bo+ 01

1 1 Bo+ B1+ 02 + 63

67

Marginal Structural Mean Model

* Saturated model
E(Yao,a1) = B0+ O1a0+ 0221+ B3 a0 a1

— Additive causal effect of always vs never take HAART during the
12 months

E(Yao=1,a1=1) - E(Yar=0,2:=0) = B1+ B2 + O3

— Direct effect of HAART the first semester in hypothetical world
in which we force HAART the second semester

E(Yao:].,al:l) - E(Yao:O,alzl) = el + 63

— Effect of one semester HAART early vs late

E(Yao:].,alzo) - E(Yao:O,alzl) = el - 92

68
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Marginal Structural Mean Model

* Example of a non-saturated model. Effect
depends on cumulative exposure

E(Yao,a:) = B0+ O1(ao+a1)

0 0 6o

0 1 Bo + 01
1 0 Bo+ 01
1 1 Bo+ 2 01

69

Marginal Structural Mean Model

* Non-Saturated model
E(Yao,a:) = B0+ B1 (a0 + a1)

— Additive causal effect of always vs never take HAART during the
12 months

E(Yao:1,a1=1) - E(Yao=0,a1=0) = 2 91

— Direct effect of HAART the first semester in hypothetical world
in which we force HAART the second semester

E(Yao=1,al=1) - E(Yao=0,a1=1) =01

— Effect of one semester HAART early vs late

E(Yao:1,a1=0) - E(Yao=0,a1=1) =0
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Saturated vs non-saturated models

A non-saturated model can be incorrectly specified
— E.g. consider the model

E(Yao,al) =00+ 61 (ao+ a1).
— The model encodes assumptions made by the data analyst

* For example, the model assumes that receiving trx for six months has the same effect on
the outcome whether trx was received the first semester or the second

— But nature may have a different plan! May be, for example, that it does matter
when the patients receive trx!! In such case the model is wrong. It is incorrectly
specified.

A saturated model is always correctly specified
— E.g. consider the model
E(Yaoai) = B0+ B1a0+ 8221+ 63 ac a1

— A saturated model never contradicts any plan of nature!. You can always find
values of the parameters (the 6’s ) that agree with any possible plan that nature
may have!!!

71

Saturated vs non-saturated models

When you analyze your data assuming a non-saturated model
— E.g.you assume model

E(Yao,al) =00+ 61 (ao+ a1).
— Then

* If the model is correctly specified, your conclusions will be correct.

* If the model is incorrectly specified, then your conclusions will be wrong. You will get
biased estimators of the treatment effects of interest.

When you analyze your data assuming a saturated model
— E.g. you assume model
E(Yaoa1) = Bo+ B1a0+ B2a1+ B3 ao a1
— Then,

* If you use the correct algorithms for computing the estimators, you will arrive at the right
conclusions.

So, why assume a non-saturated model if you risk arriving at wrong
conclusions???

— Because saturated models have very many parameters and you may not have
enough data to estimate all the parameters.
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Saturated vs non-saturated models

If you assume a saturated model
E(Yaoa:) = B0+ B1a0+ 0221+ B3 a0 a1
You need to have in your study subjects that followed all four
possible trx combinations:
1. Subjects that took HAART in both semesters
2. Subjects that took HAART the first semester but not the second
3. Subjects that took HAART the second semester but not the first
4. Subjects that did not take HAART in any of the two semesters

If you assume the non-saturated model
E(Yaoa:) = B0+ B1(ao+a1).
It suffices to have in your study subjects that took two of the

four possible trx combinations (with the exception of the
combinations 2 & 3 alone).

73

Estimation of the parameters of marginal
structural models

To teach you how to estimate the parameters of

non-saturated marginal structural mean models

we need to review briefly a statistical model: the
regression model.

It will turn out that you can estimate the
parameters of non-saturated MSM with just one
small modification to the standard estimators of
the parameters of regression models.
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Regression models for conditional
means

* Aregression model for a conditional mean of an
outcome Y given covariates Ao,...,Ak is a formula
for the dependence of the conditional (crude)
means E(Y | Ao =ao,A1=a1,...,Ak =ak) on ao,ai,..., ak

E(Y|Ao =ao,A1=al,...,Ak =ak) = g(yo ,..., Vp, A0,a1,... , ak)

* the function g( ) is a known function and the
parameters yo,..., yp are unknown

75

Regression (associational) model

e Saturated model

E(Y|Ao=ao0,A1=a1) = yo+ y1a0+ y2a1+ y3 ao a1

0 0 YO

0 1 Yo +y2

1 0 yo+y1

1 1 YO+ Vit V2 + V3
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Regression (associational) model

* Example of a non-saturated model. Conditional mean
depends on cumulative exposure.

E(Y|Ao=ao,A1=a1) = yo+ y1(ao+ a1)

0 0 YO
0 1 Yo +y1
1 0 Yo+ y1
1 1 yo+ 2y1

77

Estimation of the parameters of
regression models

* The method of ordinary least squares which is
implemented in all statistical packages can be
used to obtain unbiased estimators of the
parameters vy of the regression model.

* Most statistical packages allow the possibility of
estimating the parameters y of the regression
model by the method of weighted least squares
which is just like the method of ordinary least
squares except that each subject is allowed to
carry a different weight
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Caution about the causal interpretation of the
parameters of the regression model

¢ Suppose the following regression model is true
E(Y|Ao=ao0,A1=a1) = yo+ y1(ao+a1)

— Then,
E(Y]|Ao=1,A1=1) -E(Y|Ao=0,A1=0) = 2 y1

* Suppose that we can estimate y1 . Do we then know anything
about the causal mean difference E(Yao=1,a1=1) - E(Ya0=0,a1=0)?

— When (Ao,A1) are exogenous treatments , YES. The crude means are
equal to the counterfactual means. Consequently, in such case we have

E(Yaozl,a1:1) - E(Yao=0,a1=0) =2 Y1

— When (Ao,A1) are NOT exogenous treatments, NO. The crude means are,
in general, different from the counterfactual means so we cannot
conclude that

E(Ya0=1,al=1) - E(Ya0=0,al=0) %2 vyl

79

Lesson

* You may propose a regression model which may be correctly
specified.
— You may find that your all statistical model checking techniques
confirm that your model fits the data well

* VYet, this does not imply that you can ascribe to the regression
parameter estimators a causal interpretation

— For example, if the non-saturated model
E(Y|Ao=a0,A1=a1) = Yo+ Y1 (a0 + a1)

— Is correctly specified, then the least squares estimator of 2 y1 is an

unbiased estimator of the crude mean difference E(Y|Ao=1,A:1=1) -
E(Y|A0o=0,A:=0) . However, it is NOT an unbiased estimator of the
causal mean difference E(Yao-1,a:-1) - E(Yao=021=0)
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Estimation of the parameters of
Marginal Structural Mean models

81

Lo = p—> ngm — 2y Lo Ac—> L1 ATy
\ )Q\ /)utcome \ )& /)utcome

W W1 W W1

Graph of actual study Graph of final pseudo study after IPW weighting

* Suppose that we postulate a non-saturated MSM, say, for example
E(Yao,a1) = B0 + 01 (a0 + a1).
If we weight each subject in the study that has Ai=a1, Ac=ao, Li=lI1, Lo =lo
with either
WS = [P(A1=a1]| Ao=ao) * P(A0=a0)] / [ P(A1=a1|L1=I1,A0=a0, L0 =lo)* P(Ao0=a0|L0=lo) ]
or with
w =1 /[ P(A1=a1|Li=l1,Ao=a0, Lo =lo)* P(Ao=ao| Lo=lo) ]
We create a pseudo-study such that
* (A0,A1) are exogenous treatments, so E*(Yao,a1) = E*(Y|Ao=ao,A1=a1)

*E(Yao,a1) in the original study is the same as E*(Yao,a1) in the pseudo study
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Analysis in the final pseudo study

* Inthe final pseudo study, after IPW weighting by w or ws,
we have

E*(Yao,al)
E*(Yao,al)

E*(Y|Ao:ao,A1:a1)
Bo+ 01 (ao+a1)

* So, in the final pseudo-study we have that
E*(Y | Ao:ao,A1:a1) =00+ 01 ( do+ a1)

* Consequently, we can estimate 6o and 61 by least squares
in the pseudo-study !!!
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Non-stabilized IPW procedure for estimating the
parameters of a marginal structural model

* Postulate the marginal structural model of your choice
E(Yao,al) = m(ao,a1,9)

* Stage 1: for each subject in the study that has A.=a,
Ao=ao, L1=|1, LO =lo W|th
w =1/ [ P(A1=a1|Li=l1,Ao=a0, Lo =lo)* P(Ao=ao|L0=lo) ]

» Stage 2. estimate 8 with any statistical package that runs
weighted least squares using as weights the values w
computed in stage 1, outcome Y and covariates Ao, A1.
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Stabilized IPW procedure for estimating the parameters
of a marginal structural model

* Postulate the marginal structural model of your choice
E(Yao,al) = m(ao,a1,9)

* Stage 1: for each subject in the study that has A.=as, A=a,,
L1=|1, LO =lo W|th
ws = [P(A1=a1]|Ao=ao) * P(Ao=ao)] / [ P(A1=a1|L1=l,A0=a0, L0 =lo)* P(Ao=ao|Lo=lo) ]

» Stage 2. estimate 8 with any statistical package that runs
weighted least squares using as weights the values ws
computed in stage 1, outcome Y and covariates Ao and Ax.
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Why is stabilized IPW a better idea
than non-stabilized IPW for
estimating MSM'’s?
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Stabilized vs Non-stabilized IPW

In realistically sized studies, if a subject receives a very large weight relative to
the others then the resulting estimators of the 8’s are very imprecise.

Intuition:
— Imagine a study with, say 201 subjects.

— Suppose one subject, say John, receives a weight of 100,000 and all others receive a weight of
roughly 2.

— Insuch study the estimation of © is essentially driven by John’s data because John counts for
100,000 people whereas all others together just count for 400=200*2
This is bad ! You don’t want your estimate of to be driven by one person’s data!!!

But, with non-stabilized IPW, if by chance a person with a very tiny chance of
being assigned to a given trx, say with P(A1=1|Ao,L1) very small, did indeed
receive trx A1=1, then that person would carry a very large weight and the IPW
estimator of 8 will be driven by this person’s data!

IPW with stabilized weights are a way to fix this problem.

The idea is to downweight the subjects that are most likely to receive large
weights

Intuition of why stabilized IPW is a
good idea

* Suppose that in your study P(A1=1|A0=0) is small, then you
would expect that the subjects that received Ao=0,A1=1 will
have small propensity P(A1=1|Ao=0,L1=I1) for nearly all the
values of l1 and hence be the more likely to cause trouble.

* So, when you estimate 0 by least squares in your pseudo-
study, you would like to downweight the contributions
from subjects that have “covariates” Ao=0 and A1=1.

* You can effectively implement the downweighting by re-
weighting the subjects that have “covariates” Ao=0 and
A1=1 with P(A1=1|Ao=0)
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Estimation in realistically sized
studies

89

Estimation in realistically sized studies

* We have argued that the reason for adopting a
non-saturated MSM is that in realistically sized
studies, we may run out of subjects receiving
each of the possible treatment regimes of
interest to be able to estimate them separately.

* Butin realistically sized studies we will also run
out of subjects to estimate separately the

propensity scores that are needed to carry out
IPW!II
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Estimation in studies with realistic sample sizes

* The stabilized IPW procedure requires that you compute for each as, a,,
l1, lo estimators of the propensity scores

P(A1=a1| |_1=|1,A0=ao, Lo =|o), P(A0=ao| |_0=|0)

To estimate, e.g., P(A1=a1|L1=l1,Ao=a0,Lo =lo), with the observed
proportion of subjects in your study taking A:=a1 in stratum
(Ao=ao,L1=I1,Lo=lo) you will run into the problem of thin or empty cells,
because you may have very few, if any, subjects in that stratum

The problem will be aggravated, when some of the L's are continuous
variables, or if some of the L's are comprised by several variables.

Then, you will have no choice but to estimate the propensity scores
under parametric models...

We will discuss how to do this briefly next
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Logistic regression models for the
propensity scores

* To estimate the propensity scores in realistically sized studies, you will
need to assume models for

P(A1=a1| L1=l1,A0=a0, Lo =lo), P(Ao=ao| Lo=lo)

e |f each of Ao, A1are 0/1 variables, often, it is ok to assume models that share
parameters across time, and that depend on just one or two lagged variables,

e.g.
logitP(A1=1| Ao, L1, Lo)=a,+ o, L1
logitP(A0=1|Lo)=0,+ o, LO

* If you assume a model with shared parameters across times, you can
estimate the parameters of the models by a pooled logistic regression in
which each subject contributes k times to the estimation
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Standard errors

When you estimate the parameters 6 of the marginal structural model with weighted
least squares using weights equal to either

— Non-stabilized w, estimated assuming some models for the propensity scores

— Stabilized ws, estimated assuming some models for the propensity scores in the numerator and
denominator

any statistical package will output standard error estimators of your estimators of 6
These standard error estimators are actually conservative, i.e. larger than they should
be.

The reason for this is because the statistical software does not know that you have
“estimated” the weights. It acts as if the weights were just fixed numbers, not
estimators of anything.

And it turns out that pretending that the weights are fixed known numbers rather than
estimated values, leads to over estimating the variance of the estimator of 8. The
reason for this is a bit technical and beyond the scope of this course.

The lesson, though, is that it is ok to use the standard errors from the output of the
weighted least squares software because they are conservative.
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The end.
Thank you!

Andrea Rotnitzky
arotnitzky@utdt.edu
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