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The counterfactual model

Cause and effect intuition

Action: Tom had a heart transplant on Jan 1
Five days later: Tom is dead

Suppose that by divine revelation we learn that:

If Tom had not had a heart transplant on Jan 1, all other
things being equal, he would have been alive.

Heart transplant:
— caused Tom’s death in a five day interval
— had a causal effect on Tom’s five-day survival
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Counterfactual outcomes

 For Tom,

— his vital status five days later under heart
transplant is a factual outcome

— his vital status five days later in the absence
of heart transplant is a counterfactual
outcome

Counterfactuals and definition of
causal effects

Vital status on January 5 Causal effect
Transplant No Transplant
(Factual) (Counterfactual)

Tom Dead Alive Yes

(detrimental)
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Counterfactuals and definition of
causal effects

Vital status on January 5 Causal effect
Transplant No Transplant
(Factual) (Counterfactual)
Tom Dead Alive Yes
(detrimental)
John Alive Dead Yes
(beneficial)

Counterfactuals and definition of
causal effects

Vital status on January 5 Causal effect
Transplant No Transplant
(Factual) (Counterfactual)
Tom Dead Alive Yes
(detrimental)
John Alive Dead Yes
(beneficial)
Peter Alive Alive No
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Counterfactuals and definition of
causal effects

Vital status on January 5 Causal effect
Transplant No Transplant
(Factual) (Counterfactual)
Tom Dead Alive Yes
(detrimental)
John Alive Dead Yes
(beneficial)
Peter Alive Alive No
Oscar Dead Dead No

Individual causal effects
iIngredients

« An action and its absence:
— Action : heart transplant
— No action : no heart transplant

» The comparison of two well defined outcomes,
one factual and another counterfactual

* on a unit/individual
—Tom
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Actions

In health research, actions can be
— Exposures (e.g. environmental, radon)
— Habits (e.g. smoking)
— Treatments (e.g. statins)
— Interventions (e.g. heart transplant)

Often, we simply call them Treatments

Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

With transplant

O O O O ©O O =B O O B O O KB O O kB Rk Rk

W/out transplant

», O O O O O O O O » O O O O O O =» o

Columns
report
Vital Status
OnJan. 5

1= Dead
0= Alive
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1. Tom

2. John

3. Mary

4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth

10. Doris
11. Anna
12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

= Dead
0- Alive

6/18 dead with
heart transplant

3/18 dead w/out
heart transplant
--- 1= Dead
1.Tom 0 = Alive
2.John
o —_—_ Gounterfactual
aroe L4 o Potential
ttm e o Outcomes
smn  a . Yi-vitalstatus
10. Doris .o o  inaworldinwhich
11. Anna I o | o allaretransplanted
L2Helen 10
Bosar [0 o Y, =vital status
Riben 0 o |naworld in which
sGeoge [0 0o poneis transplanted
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Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick
6. Rose
7.Tim
8. Peter
9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18, Betsy

<
=

o/ O O O O O B O O B O O »B O O »r kB Kk

o O o o o o

O O O O O O O O ¥

6/18

P(Y1 =1)

3/18

P(Yo =1)

Heart transplant has
a population average
causal effect because

P(Y1 =1) #P(Yo =1)

Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

P(Y: =1)=9/18

P(Yo =1)=9/18

Heart transplant does|
not have
a population average
effect because

P(Y1 =1)=P(Yo =1)
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Patient

=

<
o

/1 Tom

2. John

NEED

) P(Y1 =1)=9/18

4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

P(Yo =1)=9/18

No population
average causal

12. Helen

effect but
individual
causal effect

\J

15. George
16. Andrea
17. Richard

18. Betsy

» B B o|lo © o|lo ©o B © B B O Of|lRrR B R

on some subjects

m B B Ol B P o or ©or B o oo o o

Effect measures

» Causal risk difference

CRD =P(Y1 =1) -P(Yo =1)
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Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick
6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

<
(=Y

o O O O O O B O O B O O »rB O O »r Rk kB

», O O O O O O O O »» O O O O o o =» o

P(Y:+ =1)=6/18

P(Yo =1)=3/18

CRD =
6/18 — 3/18 = 1/6

For every six
people that are
transplanted, one
would be killed
that otherwise
wouldn’t

Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

<
(=Y

o O O O O O B O O B O O »B O O »rB Rk Rk

Yo

0
1
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
1

# needed to
avoid exposure

to save one life
= 1/CRD

Known as
the number
needed to
harm
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Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard

<
o

o ©O O O O B O O B O O » O O KrB kB Rk

Y1

O O O O O O O O » O O O O o o » o

P(Yo =1) = 6/18

P(Y: =1) =3/18

CRD =
3/18 — 6/18 = -1/6

For every six
people treated
one life is saved

Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard

<
o

T

p o o o o o = O O = o o = o o = = =

Y1

O O O O O O O O » O O O O o o +» o

# needed to
treat to save

one life
=-1/CRD

Known as
the number
needed to
treat

07-Jun-12

11



Causal effect measures

» Causal risk ratio

CRR =P(Y: =1)/P(Yo =1)

Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick
6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

<
(=Y

Yo
P(Y:1 =1)=6/18

P(Yo =1) =3/18

CRR =
(6/18) 1 (3/18) =3

Transplant
triplifies the
chances of dying
in the next five
days.

0
1
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
1

o O O O O O B O O B O O »B O O »rB Rk Rk
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Which effect measure?

« Which one should the analyst report?

* Depends on the goal of your study

Which effect measure?

Diabetes Transplant Risk ratio Risk # needed

difference to treat

| Yes | No | | | |
Yes 0.12 0.20 0.6 -0.08 13
No 0.009 0.015 0.6 -0.006 167

Risk ratio: useful for guiding personalized decision making in medicine:

If  am a patient with diabetes, how many times will my risk of dying in the next five
days will be decreased if | am transplanted than if | am not?

Risk difference: useful in public health. Guides the efficient allocation of
resources.

Who is more cost effective to treat?

07-Jun-12
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* Causal odds ratio

Effect measures

P(Y+ =1)/P(Y:1 =0)

COR=  B(Yo =1)/P(Yo =0)
= odds of death or disease with trx
odds of death or disease w/out trx
Patient Y1
Lo - - P(Y1 =1)=6/18
2.John 1 1
3. Mary 1 0 P(Yo =1)=3/18
4, Amalia 0 0
5. Rick 0 0 CRR =
o ; ; (6/18) / (12/18)
8. Peter 0 0 (3/18) / (15/18)
9. Ruth 1 1
o z ;| =25
12. Helen 1 0
13. Oscar 0 0 Transplant
s (23 0 0 increases the
122::2: i ; odds of dying in
17. Richard 0 0 two and a half
18. Betsy 0 1 times

07-Jun-12
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Effect measures

» Causal odds ratio and risk ratio are
similar if disease is rare

P(Y1 =1)/ P(Y1 =0)
P(Yo =1)/P(Yo =0)

COR =

= P(Yi=1)/1
P(Yo =1)/1
= CRR

Oracle’s table

Patient With Transplant W/out Transplant
Tom 1 0
John 1 1
Mary 1 0
Amalia 0 0
Rick 0 0
Rose 1 0
Tim 1 0
Peter 0 0
Ruth 1 1
Doris 0 0
Anna 0 0
Helen 1 0
Oscar 0 0
Ruben 0 0
George 0 0
Andrea 0 0
Richard 0 0
Betsy 0 1

07-Jun-12
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Data analyst’s table Oracle’s table

Patient A Y Y1 YO

Tom
John
Mary
Amalia
Rick

® O o o +» o

Rose

im 0 I 0
peter 0 e 0
Ruth 0 I '
Doris 0 B 0
Anna 0 B 0
Helen 0 I 0
Oscar 0 o 0
Ruben 0 B 0
George 0 o 0
Andrea 0 _ 0
Richard 0 0 0
Consistency
» Consistency is the assumption that
Y=Y ifA=1
Y=YoifA=0

« But consistency requires
— No interference between units
* i.e. no contagiousness

— All mechanisms for arriving at a
“treatment” yield the same outcome
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Multiple versions of treatment

» The assumption of irrelevance of the mechanisms to
arrive at the treatment is unrealistic when the treatment
is itself a biological, physical or genetic marker.

— Suppose that trx is obesity today and outcome is
diabetes (yes/no) one year later.

— Would all means of eradicating obesity in someone
obese, say gastric bypass surgery, strict diet, or
vigorous exercise, yield the same counterfactual
outcome?

Stable unit treatment value assumption

» The value of the outcome of a person/unit when
exposed to treatment “a” will be the same:

1. Regardless of the mechanism for arriving
at treatment “a”, and

2. no matter what treatments the other
people/units receive -

07-Jun-12
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Other types of outcomes and

treatments

So far, both the outcome and treatment

were dichotomous (0 or 1).

The counterfactual model is indeed more
general.
It allows for any type of outcome

— E.g. continuous outcomes: width in
millimeters of left main stem artery

It allows multiple or continuous
treatments

— E.qg. different doses of a drug

Patient

1. Tom
2.John
3. Mary
4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth
10. Doris
11. Anna

12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

With transplant

Y11
Y1,2
Y1,3
Y1,4

W/out transplant

Y0,1
Y0,2
Y0,3
Y0,4
Y0,5
Y0,6
YO0,7
Y0,8
Y0,9
Y0,10
Y0,11
Y0,12
Y0,13
Y0,14
Y0,15
Y0,16
Y0,17

Y0,18

Y1, = artery
width
of person j
with transplant

Yo,j = artery
width
of person j
without
transplant

S Y1,/ 18 = E(Y1)

Expected value
of Y1

07-Jun-12
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Effect measures with
continuous outcomes
« Average treatment effect (most

commonly used)
ATE = E(Y1) — E(Yo)

 Median treatment effect

MTE = median (Y1) — median (Yo)

Recap

— Counterfactuals

— Measures of population causal effects
— Multiple versions of treatment

— Interference

07-Jun-12
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Association

Tom

John
Mary
Amalia
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Ruben
George
Andrea
Richard

07-Jun-12
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Data analyst’s table

A Y P(Y=1) = 6/18
Chance of dying of a randomly

L e m 1N chosen person in the population

2.John | 1 : 1

3. Mary 1 1

4. Amalia ‘ 1 ! 0 P(Y_1 | A - 1) - 4/6

5. Rick [ 2 / 0

A o . 1/’ A Chance of dying of a randomly

— . z chosen treated person

8. Peter "o \‘ 0

9. Ruth ) ‘ 1

10. Doris { 0 \ 0

11. Anna 0 4 0

. o | |P(Y=1A=0)=2/12

13. Oscar \ 0 ‘ 0

14. Rub 0 0

. Ruben ‘ | Chance of dying of a randomly

15. George o | 0

\ | chosen untreated person

16. Andrea | 0 / 0

17. Richard ' o 0

18. Betsy \Q/J

Conditional Mean or Expectation

P(Y=1 | A=a ) risk in subpopulation with trx A=a

P(Y=1 | A=a ) = E(Y|A=a)

= conditional mean of Y in the
subpopulation with trx A =a

= Expected value of Y given A=a

21



Data analyst’s table

Patient A Y E(Y) — 18]_1YJ / 1 8
Expected value of Y for a randomly

1.Tom N chosen person in the population

2.John 1 \

3. Mary 1 ‘

4. Amalia 1 E(Yl A = 1)=ZGJ=1YJ/6

5. Rick 1 !

6. Rose ! Expected value of Y for a randomly

7 Tim , /n//\ chosen treated person

8. Peter 0 §

9. Ruth o !

10. Doris o |

11. Anna 0 ‘

12. Helen 0 [ E(Yl A - O)

13. Oscar 0 — 18 :

14. Ruben o ! _Z j=7YJ/’I 2

15. George 0 “

16. Andrea o ! Expected value of Y for a randomly

17. Richard 0 / chosen untreated person

18. Betsy \0/

Data analyst’s table

Patient A Y P(Y=1 | A = 1) = 4/6

: D\ P(Y=1|A=0)=2/12

2.John 1 1

3. Mary 1 1

4 Al . . We say that Y and A

5. Rick 1 0 are associated when

6. Rose 1

7.Tim 0 0

8. Peter 0 0 P(Y=1I A = 1) ¢

9. Ruth 0 1 P(Y=1| A -— 0)

10. Doris 0 0

11. Anna 0 0

12. Helen 0 0 e

5 Oscor . . Crut_ie (a§500|at|onal)

14, Ruben 0 0 risk difference

15. George 0 0

16. Andrea 0 0 ARD: P(Y=1I A = 1) -

17. Richard 0 0 P(Y=1| A= 0)

18. Betsy 0 1

07-Jun-12
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Patient

1. Tom

2. John

3. Mary

4. Amalia
5. Rick

6. Rose
7.Tim

8. Peter

9. Ruth

10. Doris
11. Anna
12. Helen
13. Oscar
14. Ruben
15. George
16. Andrea
17. Richard
18. Betsy

Data analyst’s table

A

O O O O O O O O O O O O r KB B kB B

If Y is a continuous
outcome we say
that Y and A are

associated when

E(Y|A=1)#
E(Y|A=0)

Association vs Causation

07-Jun-12
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Patient

Tom
John
Mary
Amalia
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Ruben
George
Andrea
Richard
Betsy

Data analyst’s table

Transplant Recorded
1=Yes,0=No Vital Status

O O O O O O O © © © © O r kR KB R R R
m O O O O O B O O B O KB LB O O kLB R R

Oracle’s table

With
Transplant

W/out
Transplant

P(Y+=1) = 8/18
P(Yo=1) = 8/18

No population average
causal effects

CRD =8/18 - 8/18 =0

Patient

Tom
John
Mary
Amalia
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Ruben
George
Andrea
Richard
Betsy

Data analyst’s table

Transplant Recorded
1=Yes,0=No Vital Status

O O O O O O © © © © © O r kL R R R R
©O O O ©o © B O O B O r

Oracle’s table

With
Transplant

P O O O ©O © B O © B ©O B B O O F» » P

W/out
Transplant

P O O O ©O ©O B O O B O B B O O Fr B B,

P(Y+=1) = 8/18
P(Yo=1) = 8/18

No population average
causal effects

CRD =8/18 - 8/18 =0

P(Y=1|A=1) = 4/6
P(Y=1|A=0) = 4/12

Trx and outcome are
associated

ARD =4/6 - 4/12=1/3

07-Jun-12
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4 Patient in critical condition
L=0
ée
Patient in better condition
L=1

07-Jun-12
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Data analyst’s table

L A Y

= e e

e o e B e

i

O = O O |-

O O O O O O O O O O O O r KB B kP B K,

L b s s | e

Oracle’s table

Y1 YO
1 1
1 1
1 1
0 0
0 0
1 1
1 1
0 0
1 1
0 0
0 0
1 1
0 0
0 0
0 0
0 0
0 0
1 1

6 of the 7 grey faces destined to die

regardless of treatment

2 of the 11 yellow faces destined to die

regardless of treatment

L is a prognostic factor for death

Data analyst’s table

L A Y

Tom
John
Mary
Amal
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Rubn
Georg
Andre
Rick

©O O O O © © © © © © OARr B B B B B
B O O O O O B O O B O P P O O P kB B

Betsy

Oracle’s table

Y1 YO
1 1
1 1
1 1
0 0
0 0
1 1
1 1
0 0
1 1
0 0
0 0
1 1
0 0
0 0
0 0
0 0
0 0
1 1

A Total
L=0 9 4
L=1 & 8
Total 12 18
P(L=1|A) /12

L is a prognostic factor for death

07-Jun-12
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John
Mary
Amal
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Rubn
Georg
Andre
Rick
Betsy

Data analyst’s table Oracle’s table
L A Y Y1 YO
& il 1 1 1
= 1 1 1 1
- il 1 1 1
v 1 0 0 0
& 1 0 0 0
e il 1 1 1
,, 0 1 1 1
< 0 0 0 0
( _ 0 1 1 1
& 0 0 0 0
< 0 0 0 0
G 0 1 1 1
& 0 0 0 0
= 0 0 0 0
< 0 0 0 0
& 0 0 0 0
< 0 0 0 0
& 0 1 1 1

6 of the 7 grey faces destined to die
regardless of treatment
A Total

2 of the 11 yellow faces destined to die
regardless of treatment

=1 & 3 8
Total 6 12 18

P(L=1 |A)

A  Tot Propensity

Score
1 0
L=0 3 4 7 [P(A=1|L=0)=3/7
L=1 3 8 11 \P(A=1|L=1)=3/11
Total 18

L is a prognostic factor for death

Propensity score

The propensity score for treatment A = a is defined as

Propensity score =P(A=a|L)

The propensity score is a number between 0 and 1.
For each trx a, each person has his/her own propensity

score.

Two subjects that have the same value of L, also have
the same propensity score for trx a.

Two subjects with different values of L may or may not
have the same propensity score for trx a.

07-Jun-12
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A Total
1 0
L=0 2 4
L=1 4 8
Total 6 12 18
(P(L=1|A) 4/6 @7 L is balanced
across trx arms
A Tot Pr;;:’r::lty
1.0
L=0 2 4 6 |P(A=1|L=0)=2/6 Propensity
L=1 4 8 12 \P(A=1|L=1)=4/12 ) = Score is the
Total 18 Same for all L

Data analyst’s table

Patient  Transplant Recorded
1=Yes,0=No Vital Status

John
Mary
Amalia
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar

Ruben

George
Andrea

Richard

O O O O O O © O © © © O kL P kL KB R R

Pr{O O O ©O © B O O B O P,

Betsy

Oracle’s table

With
Transplant

W/out
Transplant

©O O ©O O ©O B O O B O B KB O O B B B

P(Y+=1) = 8/18
P(Yo=1) = 8/18

No population average
causal effects

CRD =8/18 - 8/18 =0

P(Y=1|A=1) = 4/6
P(Y=1|A=0) = 4/12

Trx and outcome are
associated

ARD =4/6 - 4/12=1/3

07-Jun-12
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Data analyst’s table

Patient  Transplant

Recorded With

1=Yes,0=No Vital Status Transplant

Tom
John
Mary
Amalia
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Ruben
George
Andrea

Richard

O O O O O O O O © © © O kP P kL KB R R

Betsy

PR{O O O O © B O O B O P,

Oracle’s table

W/out
Transplant

O O ©O ©O ©O B O O B O B P O O B B B

Are crude associations,

if not causal
ever useful?

Crude association
measures, even if they
don’t agree with causal

effect measures
are useful for prediction
purposes

P(Y=1|A=1) = 4/6
P(Y=1|A=0) = 4/12

Trx and outcome are
associated

ARD =4/6 - 4/12=1/3

Data analyst’s
table

A Y

Tom
John
Mary
Amal
Rick
Rose
Tim
Peter
Ruth
Doris
Anna

Helen

Rubn
Georg
Andre

Rick

, O O O O © » O O F»Br O kB B O O kB »r P,

0
0
0
0
0
Oscar 0
0
0
0
0
0

Betsy

Oracle’s table

Y1 Yo

0
1
0
0
1
0
0
0
0
0
1

07-Jun-12
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Tom
John
Mary
Amal
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Rubn
Georg
Andre
Rick
Betsy

Data analyst’s

table

, O O O O © » O O F»Br O kB B O O kB »r Pk

Oracle’s table

Y1 Yo

P O ©O ©O © © B O O B o

The randomized trial

07-Jun-12
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Data analyst’s

Oracle’s table

table Sug Conclusion:
A Y Y1 Yo ofle  In arandomized study in
which we flip the same coin
- 1 The Hat there is lumn
John 1 shouhll exchangeability
Mary 1 N — a1A — an
Amal 0 Su  then we say that there is
Rick 0 sa  exchangeability
Rose 1
Tim 1 A=1 in roughly 1/3 of the people
Peter 0 0 0
Ruth 0 1 1
Doris 0 0 0 Tl P(Y = 1|A 1) = P(Y1 _1) Iy have
::Ir: 2 j : Crude rlsk dlfference causal risk dlfference
should be roughly 4/12, i. e.

Oscar 0 0 0
ruon RS : P(Yoz 11A = 0}, = P(Yo=1)
Georg 0 0 0 - -
ancee NG 5 S ) U
Rick 0 0 0 Yo _|_ A
Betsy 0 1 1

Data analyst’s Oracle’s table

table Suppose we flip a coin with prob. 1/3
A Y Y1 Yo of landing heads.

Tom 1 Head -> A=1,
T 2 Tal > A=0.
Mary 1
Amal 0 Suppose the population is very large,
Rick 0 say 18 billion.
Rose 1
Tim 1 A=1 in roughly 1/3 of the people
peter 170 o 0 A=0 in roughly 2/3 of the=pﬁo&e1 =1)
Ruth 0 1 1
Doris 0 0 0 Those selected to A=1 should essentially have
Anna o 0 0 the same risk factors as those selected to A=0
Helen 0 1 1
Oscar 0 0 0
Rubn 0 0 0
Georg 0 0 0
Andre 0 0 0
Rick 0 0 (]
Betsy 0 1 1

07-Jun-12
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Data analyst’s

Oracle’s table

table Those selected to A=1 should essentially have
A Y Y1 Yo the same risk factors as those selected to A=0
The fraction dead of the (?) in the Y1 column
Tom 1 1 should be roughly 4/6, i.e.
John 1 1
Mary 1 1 P(Y1=1]A=1) =P(Y1=1]A=0)
Amal 1 0
Rick 1 0
Rose 1 1 Y1 and A are independent
Tim 0 1 Y1 _|_A
Peter 0 0 0
Ruth 0 1 1
Doris 0 0 0
Anna 0 0 0
—— = 1 a The fraction dead of the (?) in the Yo column
should be roughly 4/12, i.e.

Oscar 0 0 0
Rubn B 0 0 P(Yo=1]A=0) =P(Yo=1]A=1)
Georg 0 0 0
Andre B 0 0 Yo and A are independent
Rick 0 0 0 Yo |_ A
Betsy 0 1 1

Datat::feIYSt ’ Oraclefs table Y1 and A are independent

A Y Y1 Yo s
Tom Yo and A are independent
Yo _||_ A

John
Mary
Amal then we say that there is
Rick exchangeability
Rose
Tim
;itt:r P(Yi1=1]A=1) =P(Y1=1)
Doris P(Y =1]A=1) =P(Y1=1)
Anna
Helen
Oscar
Rubn P(Yo=1]A=0) =P(Yo=1)
Georg - - - -
. P(Y =1]A=0) =P(Yo=1)
Rick
Betsy
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Tom
John
Mary
Amal
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Rubn
Georg
Andre
Rick
Betsy

Data analyst’s Oracle’s table

A

O O O O O O O ©O © © O O B P P B B B

table Conclusion:
Y Y1 Yo In a randomized study in
which we flip the same coin
2 there is

? exchangeability

. P(Y =1]A=1) =P(Y1=1)
- P(Y =1]A=0) =P(Yo=1)

S — T — I
-~ ~J)

P(Y=1]A=1) - P(Y=1]A = 0) = P(Y1=1) - P(Y0 =1)

Crude risk difference = causal risk difference

, O O O O © » O O F»Br O kB B O O kB »r Pk
~

~
P O O © ©O © B O O KB O R

Tom
John
Mary
Amal
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Rubn
Georg
Andre
Rick
Betsy

Data analyst’s Oracle’s table

In very large randomized trials with
the same coin flip

P(Y1=1|A=1) = P(Y1=1|A=0)
Y1 _|I_ A

table
Y Y1 YO

P(Yo=1]A=1) = P(Yo=1|A=0)

Yo || A

P(Y=1]A= Y=1|A=0)

4/6 # 4/12

YJ(_A

oo a0 B o0 s o0 = O O = e

P O ©O © © © B O O B o
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Tom
John
Mary
Amal
Rick
Rose
Tim
Peter
Ruth
Doris
Anna
Helen
Oscar
Rubn
Georg
Andre
Rick
Betsy

Data analyst’s Oracle’s table

b In randomized trials with the same coin flip
able

If the outcome is continuous

E(Y1]A=1) = E(Y1]A=0)

Not just the means of Y1 are the same in the
two trx arms, but the entire distribution!

A Y Y1 Yo

Y1 ||l A

E(Yo]A=1) = E(Y0]A=0)

Not just the means of Y1 are the same in the
two trx arms, but the entire distribution!

Yo || A

YJ(_A

However

The randomized trial: summary

* Experimental study: the random mechanism by
which treatment is assigned to the subjects is
under the control of the study investigator.

* |f the same random mechanism (e.g. same
coin) is used for every participant, then the
design ensures exchangeability.

* Crude measure = causal effect measure

07-Jun-12
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Conditionally randomized trial

Randomized studies revisited

* We have seen that in randomized studies
crude association = causal effect

» However, this assertion required the
condition:

—we flip the same coin for everyone
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Randomized studies revisited

» Suppose the chance that the coin lands heads depends
on baseline risk factors

— E.g. the prob. the coin lands heads is higher for those
with better prognosis

* Then exposed and unexposed groups are not balanced
with respect to these baseline risk factors

— E.g. the exposed group has predominantly good
prognosis patients and the unexposed group has
predominantly bad prognosis patients

» Crude measures are no longer equal to
counterfactual means!!!

Conditionally randomized trial

 Flip a coin to decide treatment assignment

« Coin weight depends on baseline
covariates

* E.g.
—For & flip .

—For @ flip ¢

07-Jun-12
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Conditionally randomized study

» Several randomized substudies

As many randomized substudies as
different coins we use

* E.g.
« One randomized substudy for the & folks
* One randomized substudy for the & folks

€

« Consider those with covariate &

» For this subpopulation we flipped the
same coin.

- For & exchangeability holds

* For there is no confounding bias
« For © causal = crude

In equations

E(Y1|L= 1) = E(Y] A=1{L=1)
E(Yo|L= 1) = E(Y| A=0,L=1)

@)

®)

s

L)
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i3

Consider those with covariate

For this subpopulation we flipped the
same coin.

* For exchangeability holds

* For there is no confounding bias
« For & causal = crude

In equations

b S

E(Y: |L=0) = E(Y]| A=1, L=0)

E(Yo |L= 0) = E(Y] A=0, L=0)

Conditionally randomized study

» Conditional exchangeability holds.

* This means that we have exchangeability
within each substudy, i.e. within each
stratum in which we flipped the same coin

07-Jun-12
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An fictitious conditional randomized

study

 In the next example, suppose

— the data are from a conditional randomized
double-blind placebo-controlled study with
active treatment STATIN

— L is a 0/1 compound measured baseline
score indicative of good or bad prognosis

—L=1=@ andL=0=&
— units are per 100 thousands and,

— Same coin within strata of L is flipped to
assign trx

e ¢ ¢ RO

@, ®) ®) @, @, @, @, @, w5 w5 w5 @,
> &> &> > > > ®> ®> @5 @5 @5 ®>

-
N
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Prob statin given; =1/3

Observe Conclude

a| E(Y|A=aL=0)  E(YalL=0)

=0| 34 3/4

O1 12 1/2

Causal risk difference for .
1/2-3/4 =-1/4

Statin beneficial for °

07-Jun-12
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Prob statin given @“ =2/3

a Observe Conclude

E(Y|A=a,L=1) E(YalL=1)
#0012 1/2
O1 3/8 3/8

Causal risk difference for &
3/8-1/2=-1/8

i
Yoof
Statin beneficial for =
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Combining results of the
randomized substudies

* You know how to calculate the risk if all
the folks & were treated

* You knowg_how to calculate the risk if all
the folks € were treated

* How do you combine these two pieces of
information to compute the risk if ALL the
folks were treated?

Combining results of the
randomized substudies

With equations
You know how to calculate E(Y1|L=1)

You know how to calculate E(Y1]|L=0)

How do you combine these two risks to
compute E(Y1)???
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Combining results of the
randomized substudies
Same question to answer what would

happen if everybody untreated...
You know how to calculate E(Yo|L=1)

You know how to calculate E(Yo|L=0)

How do you combine these two risks to
compute E(Y0)???

(@) ((m, ((m, (@) (@) (@) (@) (@) ((0) ((0) ((0) (@)
o i i o> o> o> o> > (> 5 (&

-
N

Observe Conclude Observe Conclude
a a
‘ E(Y|A=a,L=1) E(YalL=1) ‘ E(Y|A=a,L=0) E(Ya|L=0)

a0 | 112 12 &0 ‘ 3/4 3/4

O+

3/8 3/8 O 1

12 12

© ¢ ©eog

»

How do you compute risk if everyone was treated?

How do you compute E(Y1)???
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@,
®>

@)
@

@)
@

@)
@

@,
®>

a

E(Y|A=aL=1) E(Yafs1)

®,
©>
1,

@,
®>

_;;;I?*opgrtlon tha}w‘dle if e‘_ggr d
O+ 3/8 3/8 :/

4.5+ 1 172 112
————=0.417
12+6

@,
®>

If these 12 folks were treated

@,
®>

If*these 6 folks were treated
112) X

(3,8)“2:45&@%&

ﬂ (12px4§+ 3 would die

@)
@

@
d
S
4
@
@

18
@
%
(3/8) -.+ (112) x. = 0.417
Proportion of =
Proportion of b2
% G
&
kY. 4
i @
sa @
? a ‘ Observe Conclude Observe Conclude ‘
‘ E(Y|A=aL=1) E(Ya|L=1) a E(VA<al=0) E(YalL=0) L
% a0 112 112 e 0 34 3/4 A
o v
& 1 3/8 3/8 O 112 112 E—
% I 6
If these 12 folks were treated If these 6 folks were treated
%
(3/8) x 12 = 4.5 would die (12px6G 7 3 would die
é
é
5
12
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@,
®>

@,
®>

@,
®>

(3/8) x(14+ (1/2) A6

45+3 -0417

12+6

®)
@5

®, ®)
® ®>

(&

. '
12 Proportion of @

=0.417

+ (112) x =0.417
Proportion of 0

é
= If these 12 folks were treated If these 6 folks were treated ___g
LL) ' . !
= (3/8) x 12 would die (1/2) x 6 {é)would die &
< S
< @
é 5
@
é
- 6
(L)
é
&
&
12
é 3w
¥ If these 12 folks were treated If these 6 folks were treated 2
LL) %
2 (3/8) x 12 = 4.5 would die (1/2) x 6 = 3 would die ;
&, @
= Risk if everyone had been treated g,
¥ -
& Proportion that would die if everybody were treated i
L4

07-Jun-12

45



07-Jun-12

Standardized risk if everyone had been exposed

(3/8) x|12 1+ (1/2) x| 6 = 0417
( 18 \ 8 —
‘{ Py
Risk if all & Proo. of &2 | + | Riskifall&  [Prop. of
are exposed X P are exposed P hnd

Standardized risk

Weighted average of stratum specific
crude risks

Weights are the proportion of the entire
population covered by each stratum

Standardized risk if everyone had been exposed
(3/8) x|12 [+ (1/2) x| 6 = 0417
( 18 \ 8
({
Risk if all & Proo.of &2 | + | Riskifal @ y (Prop. of €&
re exposed X P are exposed P g

With equations

E(Y1) =
E(Y]A=1,L=1) x P (L=1) + E(Y|A=1,L=0) x P(L=0)

46



(2/14) x+ (3/4) X = 0.583
18 18
< i) N\l f——

Riskif all & |, Prop. of | + Risk if all & |x (Prop. of
are unexposed are unexposed

With equations

Standardized risk if everyone had not been exposed

E(Yo) =

E(Y|A=0,L=1) x P (L=1) + E(Y]A=0,L=0) x P(L=0)

& Inverse probability of treatment weighted risk ?
< -
& (3/8) x| 12 (+ (112) X 6 | = 0417 @
N ( 18 \ 8 @
= { g
& [ Riskifall &) (prop of @ | + [ Riskifall @] x (Prop. of @ @
. |are exposed are exposed

< LN
- L 4
@

. 6
(L)

@

@

@

@
12
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@,
®>

@)
@

@)
@

> (@)
(4

@, @, @, ®.
> ®> ®> ®

@,
®>

&

Inverse probability of treatment weighted risk @
v
18 L 18 &
, -w
/’ || -é_
/ ! A
] 1 A
' / @
\ /
PEROAL
812y N2 ET 447 /@
ol 1“8 \\ | 2 out of 6 treated ‘

-
N

@,
®>

@)
@

( N (@)
3 ®>

2 @G @
O0O80O O8O &

@)
@5

®)
@5

) (@
> (&3

'®
®

®)
®>

IPTW in action
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- - (0
IPTW in action ~
D
@
. Alan did not take the pill;
N he is represented by
% the 8 folks that got the pill
&5 6 Each of these 8 folks
= Y therefore counts 1 for himself
O plus 1/8 of a person: for 1/8 of Alan
&% & VA
5 O Vs
a0 O Y
SR %
9O %
O V8
2
- - )
IPTW in action 7
Steve did not take the pill; D
@ he is also represented by "
M the 8 folks that got the pill
N Each of these 8 folks therefore
\ \ now counts 7 for himself
@ 6 % % plus 2/8 of a person:
N v 1/8 of Alan and 1/8 of Steeve
Ll O
&% & e Y
5 O Vs Ye
a0 O Y Y
SR % %
Q’ O %
O V8 V8

-
N
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- - L)
IPTW in action "
@
& Ron did not take the pill; &
he is also represented by
1 1 1 H
- %o o U the 8 folks that got the pill
= 6 Y % Each of these 8 folks therefore
& S 5 # ¢ now counts 17 for himself
- % % % plus 3/8 of a person:
58 1/8 of Alan, 1/8 of Steeve and 1/8 of Ron
NO) e s V3
&0 %o % %
&SR % % %
© O % % %
O e s Vs
20
IPTW in action
Mark did not take the pill;
he is also represented by
the 8 folks that got the pill
Each of these 8 folks therefore
now counts 7 for himself
- % %% Ve plus 4/8 of a person:
~ 6 \ 1/8 of Alan, 1/8 of Steeve ,
- o Ve V3 Ve
&0 1/8 of Ron and 1/8 of Mark
P & Ye Ye Ye Ye
NO) e s V3 Ve
&0 % %o % %
SR % % % %
© O % % % %
O e s Vs Ve
20
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IPTW in action

. & e s V3 Yo 1448
- e s Y8 Y% o 1+48

O
é e s V3 Yo o 1+48
2 )
o 1+ 48
QVO e s V3 Ve
NS oo % % K 1*48 Inverse probability
N ight |,
o® Y% Y% Y% Y 1+48 w9 T
9O % % Y% % 1+48
5O 1+ 4/8=(8+4)/8 = 1/ (8/12)

% % % % 1 -
=1/ (prob. of pill given &)
o
IPTW in action

. & e s V3 Yo 1448
5 o % % % % 14w 0|
~ \
" Y% % % Y 1+48 1+48 Total number of deaths in
58 | pseudo study
% (O e s V3 Y% 1+48 0
< (1+4/8)x 3= (1/(8/12) ) x 3
& o % % % % 1+4/8‘ o |
OB % % % % 1+4/8\ teas |
"QVQ Y Yo Y v 1+48 0

O e s Vs Yo 1448
12
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& IPTW in action @
& é
5 -
&
% O
&4 =
& Q &

O . 2
&F ) Each of the 2 g folks that took the pill accounts for
& O 1+ 4/2=(2+4)/2 =1/ (2/6)| = 1/ (prob. of pill given %)
<O Each of the 8 folks that took the pill accounts for
o
O e e
& ) 1 x3 1___x__1_____:;;;:»>{ Inverse probability weight ‘

(812" [ (28)---" "
= 0417

-
N

18

IPTW

* IPTW method to compute the (population average) risk
in hypothetical world in which everybody is treated:

— Only the folks that are treated contribute

— These folks are weighted by the inverse of the
probability of being treated

* IPTW method to compute the (population average) risk
in hypothetical world in which everybody is untreated:

— Only the folks that are not treated contribute

— These folks by the inverse of the probability of not
being treated
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Our example in action...
First calculate weights

8004
400-
200
400

O | O |- |- T
O~ 0O = >

N / =1, A=1 7
Weight =1/P(A=1|L) = 1200/800 = 1.5

1/P(A=0|L) = 1200/400 = 3
L=0, A=1
1/P(A=1|L) = 600/200 = 3

L=0, A=0
1/P(A=0|L) = 600/400 = 1.5

Next form pseudopopulation

LIAY N || Weight| Pseudo
1111|300 1.5 450
111,0)500 1.5 750
110]1]200 3 600
1/0]0]200 3 600
0/1]1]100 3 300
0/1/0]100 3 300
0/0|1]300 1.5 450
000|100 1.5 150
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Now collapse table

LAY N |Pseudo
1.1/1 300 450
1.1/0/500 750 | ALY Pseudo
1,0/1/200] 600 |1 1 3750
1100200 600 || 11 1050
0 1/1/100 30070 1 1050
0 1/0100 300 |0 0 750
0 0 1 300 450
0 0 0 100 150

Finally analyze collapsed table

Statin

No Statin

A Y | Pseudo
101 750 Risk with statin = 750 / 1800 = 0.416
110 1050 Risk without statin = 1050 / 1800 = 0.583
0/1| 1050
0/0 750
Alive  Dead IPW risks the same as standardized risks!
1050 | 750
750 | 1050
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Data analyst’s table Oracle’s table Weight ATE =

SR [(7/4) X 7 + (11/8) x 9 +...+(11/8)x6]/18
Tom wHEEd © | 6 MB [(11/3)x 6 +(7/3)x 4 +...+(7/3)x 5 ]/18
John % 0 4 ? 4 7/3 -
vary | gl a2 R 2 7.47-5.91=1.56
Amal 0 8 ? 8 11/3
Rick - 0 8 ? 8 11/3
Rose ‘,_ 0 5 ? 5 7/3
Tim ‘ i 7 7 ? 7/4
Peter & 1 9 9 ? 11/8
Ruth ey 1 6 6 ? 7/4
Doris o i 8 8 ? 11/8
Anna)| EEECREE 9 9 & e A Tot Prop Prop
Helen & 1 7 7 ? 7/4 To To
Oscar : 1 5 5 ? 7/4 A=0 A=1
Rubn - 1 8 8 ? 11/8
Geory 1 7 7 ? 11/8 1 0
Andrg = 1 9 9 ? 11/8 L=O—% 4 3 7 37 47
fok | BRI R EEAE 16 g 3 11 311 8
Bets - 1 6 6 ? 11/8

Standardization vs. IPTW

* The standardized means are equal to the IPTW
weighted means

— If you apply either method to a conditionally
randomized study data you will get the same
estimator of the difference

E[Y4]- E[Y,]

 BUT ONLY IF THE COVARIATE L TAKES A FINITE
AND SMALL NUMBER OF VALUES!!!

» Otherwise, you will encounter empty cells and will need to use
more advanced techniques that we will learn later!!!
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In equations...

L takes values 1,2,..., J
A is dichotomous: 0/1 variable
Y is dichotomous: 0/1 variable

» Standardized risk (exposed)
SRy =% EMA=1L=1) P(L=1I

H_J
crude risk in the treated proportion

in stratum/ of L=/
in the population

» Equal to the IPTW mean for the exposed

— A
IPW, = E =R
—

IPTW w eight

In equations...

L takes values 1,2,..., J
A is dichotomous: 0/1 variable
Y is dichotomous: 0/1 variable

» Standardized risk (unexposed)

SRo =2, E4=0L=0) PL=I)

crude risk in the untreated proportion
in stratum/ of L=l
in the population

* Equal to the IPTW risk in the unexposed

— 1-4
IPW, = E )
——

IPTW w eight

56



Quantifying treatment effects in conditionally
randomized studies

 After you calculated the standardized risks in the
exposed and unexposed, you can now calculate the
population contrast of your choice

» Average treatment effect

ATE = SR, — SR,

e Causal risk ratio

CRR = SR,/SR,
» Causal odds ratio
_ SRi/(1-SR1)
COR = SRo/(1-SRy)

Recap: in a conditionally randomized trial ...

1. Counterfactual risk (in the population) not equal crude
risk
2. Counterfactual risk (in the population) computable
3. Counterfactual risk (in the population) equal to
— standardized risk and
— Iptw risk
4. Standardized risk is a weighted average of the stratum
specific crude risks

— The weights are the strata probabilities in the
population

5. IPTW risk is the same as the crude risk in a fully
randomized pseudo-population
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Observational studies

Observational studies

 Study investigators do not participate in the
treatment assignment.

« Rather, they observe the assignments that
occur by happenstance,

+ the assignment is not under the control of the
investigator but made by e.g. nature, physicians,
decision makers, patients...
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Observational studies

Absence of randomization implies that exchangeability
(conditional or unconditional) is not guaranteed

However, if we assume that conditional exchangeability
holds then we can proceed with the data analysis as
before...

The validity of our causal conclusions will of course
depend on whether we were right in assuming
conditional exchangeability!!!

The EFFECT study

Data from the Enhanced Feedback for Effective Cardiac

Treatment (EFFECT) study. (Analysis presented here reproduced from
Austin and Mamdami, Statistics in Medicine, 2006).

Goal: to examine the effect on all-cause 3-year mortality of
prescription of statin at hospital discharge in patients
hospitalized with acute myocardial infraction (AMI).

Observational study:

— Demographic variables and health status variables at hospital
discharge and statin prescription data obtained from hospital
records in 10383 discharged alive AMI patients in Ontario hospitals.

— Mortality information obtained from the Registered Persons
Database.
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The EFFECT Study

Statin prescribed to 33.5 % of the patients
3-year mortality rates:
14.2 % in the treated and 25.3 % in the untreated (p<.001)

Compared to treated patients, untreated patients were:

— older, more likely to have chronic congestive heart failure, history
of cancer, higher admission heart and respiratory rate, higher
potasium and creatinine.

Treated and untreated patients differed in important
prognostic factors. Treated patients were healthier
than untreated patients.

Emulating a randomized trial

We suppose that doctors base their decisions on who
to treat solely on the basis of

— Age

— Heart and respiratory rate

— Creatinine level

— Potasium level

L = (age, heart rate, creatinine level, potasium level)

Doctors have different prescriptions tolerances.

We assume conditional exchangeability
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Conditional exchangeability in observational
studies

* In observational studies, conditional exchangeability is
an assumption.

« Can we verify (i.e. test) the assumption of conditional
exchangeability with observational data?

« NO!I

* This is the fundamental limitation of observational
data and what makes causal inference from
observational data so controversial!!!

The three assumptions to emulate
a randomized trial

« Exchangeability

« Consistency

 Positivity
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IPW with many covariates L

If L has many components, e.g.
— Age, heart rate, creatinine level, potasium level

you will not be able to estimate the propensity score in
each stratum of L due to sparse data.

To carry out IPW you will need to estimate the propensity
score under parametric models, e.g.

P(A=1|age,hr, creat, potas)

IogP(A=0|age,hr, creat, potas)

=a0 + alage+ a2hr + a3creat + a4potas

— Weight each treated person with w=1/fitted value and estimate E(Y1)
with the weighted mean of the treated.

Standardization with many covariates L

If L you will not be able to estimate E(Y]|A,L) within each
stratum of L due to sparse data.

To carry out standardization you will need to estimate
regression models for the outcome, e.g.

E(Y\A=1, age,hr creat, potas)=a0 + alage+ a2hr + a3creat + adpotas
E(Y|A=0, age,hr ,creat, potas)=0 + Blage + B2hr + B3creat + B4potas

And then compute the estimators of the counterfactual means as

E(Y) =1Y", Ta0 + al aae: + a2 hr: + a3 creat. + ad votas:|
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Standardization vs IPW with many
covariates

+ If you carry out standardization/IPW under models

then the two methods no longer give the same
answer.

Standardization requires that you model the
outcome mechanism, i.e. E(Y|A,L). It yields biased
estimators if the model is wrong.

IPW requires that you model the trx mechanism, i.e
P(A|L). It yields biased estimators if the model is
wrong.

Double-robust estimation

Double robust methods require that the analyst
postulate two models,

— A model for the outcome mechanism, i.e. for E(Y|A,L)
— A model for the trx mechanism, i.e. for P(A|L)

and require that the analyst be right about one of the
two models, but not both.

So... it gives the analyst two chances of coming up
with an (asymptotically) unbiased estimator.
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Double robust estimation of E(Y1)
1. Compute E (Y1)

1. For each treated person i compute
T; =Y, — @y + ajage; + azhr; + azcreat; + azpotas;]

2. Compute the weighted average of Ti among the
treated with weights w=1/fitted propensity score.
Callit T

2 Tha AniihlAa rahiict Actimatar AfF E/VAN e
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